A NOTE ON FAMILIES OF HYPERELLIPTIC CURVES 
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Abstract. We give a stack-theoretic proof for some results on families of 
hypcrclliptic curves. 



1. Introduction 

Let k be a field and g be an integer such that char(fc) 7^ 2 and g > 2. All schemes 
that we consider are of finite type over k. 

Any family T — * S of smooth genus g hyperelliptic curves is a double cover of 
a conic bundle C — > S branched at a Cartier divisor D finite and etale of degree 
2g + 2 over the base S (see }LK79j ). Conversely, starting with a family (C — > S, D) 
as above, one can ask what are the obstructions to the existence of a corresponding 
family of hyperelliptic curves T — > S and how many such families does there exist. 
The classical theory of double covers immediately gives the answer to this question 
in terms of the functions on C and its Picard group Pic(C). 

In Theorem 13.11 we give a different answer to these questions in terms of the 
geometry of the base S. Our proof is completely stack-theoretic and uses the fact 
that the stack 7i g of hyperelliptic curves is a /Lt2-gerbe over the stack £>2g+2 of conic 
bundles endowed with an effective Cartier divisor finite and etale of degree 2g + 2, 
and the fact that both these stacks have an explicit description as quotient stacks 
(see [AVM] and [GV08p . 

As an application of the Theorem 13.11 we give a proof of two classical facts on 
families of hyperelliptic curves. 

In Proposition ^. 71 we prove that there exists a tautological family of hyperelliptic 
curves over a non-empty open subset of the coarse moduli space H g if and only if 
g is odd. Moreover, we give a different proof of [GV081 Thm. 3.12], stating that 
such a family never exists over the open subset H g corresponding to curves without 
extra-automorphisms apart from the hyperelliptic involution (this is in contrast 
with the fact that a tautological family exists over the open subset M g C M g of 
general curves of genus g > 3 without automorphisms). From this result and the 
rationality of H g (see |Bog86| and |Kat84j ) , we deduce that the stack 7i g is rational 
if and only if g is odd (Corollary 14. 9| . 

In Proposition ^. Ill we give a different (and for us simpler) proof of a result of 
Mestrano-Ramanan ( MR85 ) , stating that a global g\ for a family of hyperelliptic 
curves exists only in the case g even. 
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2. Notations 

By Tig, T) 2g+2 , and H g denote the stack of families of genus g smooth hyperelliptic 
curves, the stack of conic bundles together with an effective Cartier divisor finite 
and etale of degree 2g + 2 over the base, and the common coarse moduli space of 
two stacks above, respectively. 

Recall that given a fc-scheme X and a fc-group scheme G acting on X, the 
quotient stack, denoted as [X/G], is the category fibered in groupoids over the 
category of fc-schemes, whose fiber over a fc-scheme S is the groupoid whose objects 
are G-torsors E — > S endowed with a G-equivariant morphism E — > X and whose 
arrows are isomorphisms of the above objects. In the particular case where X = 
Spec(fc), we get the classifying stack of G, denoted with BG, whose fiber over S is 
the groupoid of G-torsors E — > S. 

The stacks Tt g and P 2g + 2 admit the following description as quotient stacks (see 
[AV041 Cor. 4.7] and [CTW)8l Prop. 3.4]): 

H g = [A sm (2, 2g + 2)/(GL 2 //i s+1 )], 

V 2g+2 = [A sm (2, 2g + 2)/{GL 2 /^ 2g+2 )] = [B sm (2, 2g + 2)/PGL 2 ], 
H g =« sm (2,2g + 2)/PGL 2 , 

where A sm (2,2g + 2) is the linear space of degree 2g + 2 binary forms without 
multiple roots, B sm (2, 2g + 2) is the projectivization of A sm (2, 2g + 2), and GL 2 
acts on A sm (2, 2g + 2) by the formula A ■ f(x) — /(A -1 ■ x). 

We briefly recall the notion of the rigidification of a stack (see |ACV03[ Section 
5.1]). Let X be an algebraic stack over fc (even though everything can be extended 
to a general base scheme), H a commutative fc-group scheme and assume that for 
every object £ 6 X(T) there is an embedding Ht C Auty(£) compatible with 
pullbacks. Then there is an algebraic stack X H (called the rigidification of X along 
H) together with a smooth morphism of algebraic stacks <f> : X — > X H uniquely 
determined by the properties: 

(i) For any object £ e X(T) with image r\ := € X H (T), we have that H(T) 
lies in the kernel of Auty(C) ~^ AutT(?y). 

(ii) The morphism X — ► X H is universal for morphisms of stacks X — > y satisfying 
(i) above. 

Moreover, a moduli space for X is also a moduli space for X H and X is a iJ-gerbe 
over X, which means that (see [Gir71] or [LMBOOj) 

(a) The structure morphism <f> : X — > X H is surjective. 

(b) The diagonal A : X — > X x x h X is surjective. 

Let : H. g — > D 2 g+ 2 be the morphism of stacks sending a family T — > 5 of 
smooth genus g hyperelliptic curves over S* into the underlying conic bundle C — > S* 
together with its relative Cartier branch divisor D C C. By the above explicit 
description, it follows that $ : 7i 9 — * T> 2g+2 realizes the stack T> 2g+2 as the [i 2 - 
rigidification of the stack TL g along the hyperelliptic involution acting on families 
of hyperelliptic curves. Thus Ti. g is a (i 2 -gerbe over T> 2g+2 and they have the same 
coarse moduli space H g . 

Let Hg C H g be the open subset corresponding to hyperelliptic curves with- 
out extra-automorphisms apart from the hyperelliptic involution. The preimage 
B sm (2, 2g + 2)° of H® in M sm (2,2g + 2) is exactly the locus where the action of 
PGL 2 is free, hence we have [B sm (2, 2g + 2f/PGL 2 ] =: V% +2 = H°. 

For a small category £ , by \£\ denote the set of isomorphism classes of objects 
in £ . 
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3. Main statement 
This section is devoted to the proof of the following 

Theorem 3.1. For a scheme S, consider a family (C — — > S, D) £ Ob(T>2 g +2{S)); 
denote by \1/ _1 (C — > S, D) the preimage in \TC g (S)\ of the class of (C — — > 5, -D) m 
i/ie set \V2 9 +2{S)\. We have: 

(i) If g is odd, then the set \E f_1 (C — — > S 1 , _D) is non-empty if and only if 
p*(u>g^g(D)) is 2-divisible in Pic(S'). 7/g is ewn, then the set 4' _1 (C — 
5, 1?) is non-empty if and only if ' p if {uj^j s {D)) is 2-divisible in Pic(5), the 
family p : C — > S is the projectivization of a rank two vector bundle V — > S , 
and detV — p*(uig, s (—2)) is 2-divisible in Pic(S). 

(ii) If the set \I r_1 (C — — * S,D) is non-empty, then it is a homogeneous space 
for the group Hj t (S,/J,2) with respect to the following action: an element of 
Hj t (S, H2), corresponding to a double etale cover S — > S, sends the hyper- 
elliptic family (J- — > S) to the family ((F x 5 S)/(i x j) — > S/j = S), where 
i is the hyperelliptic involution of J- and j is the non-trivial automorphism 
of S over S. Moreover, if (C — S, D) S Ob(T>2 g+ 2(S)) , then the action of 
Hl t (S,fi 2 ) on *- x (C -A 5,£>) is free. 

The proof of the theorem uses a general result on quotient stacks. Let G be a 
smooth group scheme acting on a scheme X. The natural morphism of quotient 
stacks [X/G] — > BG = [Spec(fc)/G] induces a map of sets \[X/G](S)\ -> |SG(5)| = 
Hj t (S, G) for any scheme 5, where we used the fact that, since G is a smooth group 
scheme, the isomorphism classes of G-torsor over 5* are parametrized by the first 
etale cohomology group of S with coefficients in G (see [MIL 80) or |Gir71j ). 

Suppose that we are given a central extension of smooth group schemes 

l^K^G^H^l (*) 

and an action of H on a scheme X. Consider the "restriction" of this action to G. 
Then for each scheme S the group Hj t (S,K) acts naturally on the set |[X/G](5)| 
by the formula {U a , f a , g a fj\ l_ * {U a , f a , ga(3k a p}, where {U a } is an etale covering 
of S, the collection {f a : U a — > X,g a p : U a Xj Up — * G} represents an element 
from I [X/G] (5) I, and a 1-cocycle represents an element from Hj t (S,K). 

Lemma 3.2. 

(i) For a scheme S, the natural map \ [X/G](S) \ — > \ [X/H](S)\ defines a bijec- 
tion between \ [X/G](S)\/ Hj t (S, K) and the preimage of the trivial cohomol- 
ogy class under the composition \ [X / H](S) \ — > Hj t (S,H) H? t (S, K). 

(ii) If the action of H on X is free, then the action of the group Hj t (S,K) on 
the set I [X/G] (5) I is free. 

Proof. The proof of (i) is a direct check, which uses the exact sequence of pointed 
sets 

1 -> Hj t (S, G)/HUS, K) -> Hj t (S, H) -> Hl{S, K). 

In order to prove (ii), suppose that {U a , f a , g a /3} and {k a p} represent elements 
from I [X/G] (5) I and Hj t (S,K) such that {U a , f a ,g a p} is equivalent to {U a ,f a , 
gapk a p} in I [X/G] (5) I . Then, after passing to a subcovering, we see that there 
exists a collection {g a : U a — > G} such that f a = g a f a and g a p = g~ g a 0k a pgp. If 
the action of H on X is free, then we have g a : U a — > K for all a and therefore the 
class of the cocycle {k a p} in H\ t {S, K) is trivial. □ 
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Proof of TheoremFHl We use Lemma EHl with X = A sm (2,2g + 2), K = /.t 2 , 

G = GL2/ fJ-g+l, H = GL 2 / [J>2g+2- 

Using the explicit description of the stack of hyperelliptic families as a quotient 
stack (see }AV04( Rmk. 3.3 and Thm. 4.1]), one deduces that the "stack-theoretic" 
action of Hj t (S,fi2) on \TC g (S)\ coincides with the one described in the statement 
of the theorem. This implies Theorem 13. lf ii). 

To prove Theorem I3.1f i). we compute explicitly the obstruction map. Recall 
that there is an isomorphism of algebraic groups GL2/ p 2 g+2 — G m x PGL2, given 
by the formula [A] h-> (det(A) 9+1 , [A]). Using |GV08|. Prop. 4.6], it is easy to show 
that the map |X>2 S +2(<S)| — > Hj t (S, GL 2 /^ 2s+2 ) sends the class of a family (C -^-> 
S,D) to the pair (p, (a;-"" 1 (-£>)), C S) e Hj t {S,GL 2 / ^+2) = Hj t (S,G m ) x 
H} t (S,PGL 2 ). 

For g odd, the isomorphism GL 2 /fJ. g +i = G- m xPGL 2 , given by [A] 1— > (det(A)^~ , 
[A]), shows that the exact sequence (*) coincides with the exact sequence 

1 -> p 2 -> G m x PGL 2 ^ G m x PGL 2 -> 1. 

For g even, the isomorphism GL 2 / '/i 9 +i — GL 2 , given by [A] 1— > det(A)^A, shows 
that the exact sequence (*) coincides with the exact sequence 

1 -> ^ 2 -> GL 2 (d ^H D G m x PGL 2 -> 1. 

Hence in both cases the composition Pic(S) = Hj t (S,G m ) — » Hj t (S, GL 2 //x 2g+2 ) 
— > H 2 (S,fi 2 ) is equal to the coboundary map arising from the Kummer exact 
sequence for /i 2 . Thus this composition vanishes at p*(u)Qjg (-D)) G Pic(5) if 

and only if p*(u>g?g (— D)) is 2-divisible in Pic(S). 

Further, for g odd, the composition Pj^S 1 , PGL 2 ) — ► H\ t {S, GL 2 //x 2ff+2 ) — * 
H 2 (S,/j,2) is trivial. For g even, this composition is equal to the coboundary map 
arising from the exact sequence 

1 -v ^2 -v 5L 2 PGL 2 -> 1. 

This coboundary map vanishes at the conic bundle C S if and only if C = P( V) 
for a rank two vector bundle V — > S such that det(U) = 2)) is 2-divisible 

in Pic(S). This concludes the proof of Theorem 13. 11 □ 

4. Examples and applications 
First let us discuss the conditions of Theorem 13.11 

Using the 2-divisibility conditions in Theorem 13. lf i). one can easily deduce the 
2-divisibility of the line bundle Oc{D) in the Picard group Pic(C). The converse 
seems not to be quite trivial for g even. More precisely, Theorem l3.1f ii) implies the 
following result. 

Corollary 4.1. Let P(V) — > S be the projectivization of a rank two vector bundle 
V on S and let D c P(V) be an effective Cartier divisor finite and Stale over S 
of degree d = 2 (mod 4). Suppose that Op(y)(D) is 2-divisible in Pic(P(V)). Then 
det(U) must be 2-divisible in Pic(S). 

In Corollary H3] the hypothesis D being etale over 5 is necessary as is shown the 
following example. 

Example 4.2. Consider the Hirzebruch surface p : F„ = P(0pi © Ofi{— rij) = 
P(V) -> P 1 = S for some n > 0. By [Harl V.2.18], there exists an irreducible 
smooth curve D in the linear system \dc± + af\ if d, a > 0, where c± denotes the 
first Chern class of the line bundle Of„(1) and / denotes the class of a fiber of p. 



A NOTE ON FAMILIES OF HYPERELLIPTIC CURVES 



5 



Then Ov n (D) is 2-divisible in Pic(F„) if d and a are even, while det(V r ) = Opi(-n) 
is not 2-divisible in Pic(P 1 ) if n is odd. Clearly, D is not etale over S = P 1 . 

In Theorem 13. lf i). all the divisibility conditions are necessary as it is shown by 
the following two examples. 

Example 4.3. Suppose that char(fc) does not divide 2g + 2. Consider a general 
divisor F C P 1 x P 2 of bi-degree (2g + 2, 1). Let R C P 2 be the ramification curve 
of the map p : F — ► P 2 induced by the second projection. We put S = ¥ 2 \R, 
C = P 1 x S, D = F\ s , V = O s ® O s . Then the map p : D -> S is etale of degree 
2g + 2 and D C C is a Cartier divisor since C is smooth. Clearly, AetV — Os is 
2-divisible in Pic(£). Further, O c (D) = O c (2.g + 2) <g> p*(O s (l)). Moreover, R is 
irreducible and it is easily shown that R has the even degree Ag + 2, hence Os(l) 
is not 2-divisible in Pic(S). Therefore, p^{w^ s {D)) is not 2-divisible in Pic(S) (we 
use that w c /s(2) = ^(dct^)" 1 = O c )- 

Example 4.4. For simplicity, suppose that char(fc) = 0. Consider the blow-up P of 
P 3 at a point x € P 3 . By a : P — > P 3 and p : P — > P 2 denote the corresponding 
natural maps and by£cP denote the exceptional divisor. Recall that P = P(V), 
where = Op2 © 0^{1). Let T C P 3 be a general surface of degree 2g + 3 such 
that T contains x. Let i? C P 2 be the ramification curve of the degree 2g + 2 map 
p : F -► P 2 , where F = cr*(T) - E. We put 5 = P 2 \i?, C = P\ s , D = F\ s . Then 
the map p : D — > 5 is etale of degree 2g + 2 and D C C is a Cartier divisor since C is 
smooth. Further, R is irreducible and it is easily shown that R has the even degree 
(2g + 3)(2.g + 2) - 2, hence detV = O s (l) is not 2-divisible in Pic(S'). Moreover, 
O c (D) = O c (2g + 2) ® p*(O s (-l)) mod p*(2Pic(5)), therefore is 2- 

divisible in Pic(S') if g is even (we use that uj c / S (2) = ^(detV)^ 1 = p*(Os{-l))). 

In Theorcm l3.1f ii) the action of Hj t (S, 112) on hyperelliptic families over S is not 
free in the presence of extra-automorphisms as is shown by the following example. 

Example 4.5. Let S = Spec(A) with A = k[T, T _1 ], let g be even, and let Q(x) G 
k[x] be a degree g + 1 polynomial without multiple roots. We put 

P(:c) - g(x)Q(T/a;)x 9+1 G A[x]. 

Consider the family of hyperelliptic curves J 7 over S whose affine model is given 
by {y 2 — P(x)} (the corresponding family C equals to P 1 x S). Then the double 
etale cover S = Spec(A[v / T']) — > S sends T to the family T' whose affine model is 
given by {Ty 2 = P(x)}. The map sending (x, y) to (T/x, (yT g / 2 )/x 9+1 ) defines an 
isomorphism between T and J 7 '. 

Now we give some applications of Theorem 13.11 First of all, note the following 
immediate corollary of Theorem 13.11 

Corollary 4.6. Let (C — * S, D) be as in Theorem \3.1l If g is odd, then for a 
non-empty open subset U C S , there exists a hyperelliptic family T — * U , which 
corresponds to C\jj . If g is even, then the above statement is true if and only if C 
is Zariski locally trivial, that is there exists a non-empty open subset V C S such 
thatC\ v = P 1 x y. 

Let us give a solution for the Exercise 2.3 from HM88 (note that there is a 
small misprint there: universal should be replaced by tautological) together with a 
different proof of Theorem 3.12 from |GV08j . 

Proposition 4.7. 

(i) There exists a tautological family of hyperelliptic curves over a non-empty 
open subset in H g if and only if g is odd. 
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(ii) For any g, there does not exist a tautological family over H g . 

Proof. First we prove (i). Since H g is irreducible, we may replace it by the open sub- 
set Hg. Further, we have T>2 g+2 — Hg > hence there exists a universal family [C g — ► 
H°, D 2g+2 ) e D% +2 ( H g)- Explicitly, the universal family (p:C g ^H°, D 2g +2) is is 
the PGi 2 -quotient of the family (pi : l sm (2, 2g+2)°xP 1 -> B sm (2, 2^+2)°, D 2g+2 ), 
where PGL 2 acts diagonally and H> 2g + 2 is the tautological divisor. Since the action 
of PGL 2 is free, it follows from GIT, Chapter 1, Section 3] that 

Pic(C g /H° g ) = Pic TOi2 (P 1 ) = Z • O p i(2). 

Thus the conic bundle C g — > H g does not have any line bundle of relative degree 
1. Hence it can not be the projectivization of a rank two vector bundle on H® and, 
by Theorem 13. lf i). we get the first conclusion. 

To prove (ii) we are going to show that p^{uj^ + j H0 {D 2g+2 )) is not 2-divisible in 

Pic(-ffg) if g > 3, which gives the second conclusion using again Theorem 13. lf i). 
The PGL 2 -equivariant classes of the tautological divisor H 2g + 2 and the relative 
dualizing sheaf oj Pi for the trivial family p\ are given by 

0B sm (2,2 S +2)°xri(D2 fl + 2 ) =P*iO Vtm(2j2g+2)0 (l) ®p* 2 O pl (2f<- 9+1 \ 

Using the projection formula, we deduce that p^(tu^, + ^ Ha (D 2g+2 )) is equal to 

Pi4^+ 1 (D2 S+2 )) = 0b 3 „ i( 2,2 S+ 2)o(1) ePic PGi2 (B sm (2,2.g + 2) ) = Pic(P°), 

which is not 2-divisible, since Pic(H g ) is a finite cyclic group generated by the above 
element and has even cardinality for g > 3 ( GV08, Cor. 3.8]). □ 

Remark 4.8. It is interesting to compare the above result with the ones in Mum65 
and |Ran91j . In |Mum65[ page 58], one can find an explicit tautological family 
over H®. In |Ran91j . it is proved that the moduli space of "framed" hyperelliptic 
curves (i.e. hyperelliptic curve C plus a fixed double cover C — ► P 1 ), does have a 
tautological family over an open subset but not globally. 

Proposition 14. 71 can be re-interpreted as a result on the rationality of the moduli 
stack H g . Following [BH06 , Section 4] , we say that an irreducible algebraic stack X 
is rational if it has an open substack isomorphic to X x BG, where X is a rational 
variety and G is the generic isotropy group of X. 

Corollary 4.9. The stack H. g is rational if and only if g is odd. 

Proof. The open substack TiP g C Ti g is a /i 2 -gerbe over H g . Since H g (and hence 
Hg) is rational (see |Bog86| , [Kat84 ). is rational if and only if it is a neutral 
gerbe locally in the Zariski topology of H g . This is equivalent to the existence of a 
tautological family Zariski-locally on H® and hence we conclude by Proposition 14. 71 

□ 

The other application concerns the existence of a global g\ for a hyperelliptic 
family T — *-» S, i.e., the existence of a line bundle on T such that its restriction 
to any geometric fiber of 7r coincides with the unique line bundle of degree 2 and 
having two independent global sections. We will use the following criterion for the 
existence of a global g\ . 

Lemma 4.10. Let tt : T S be a family of hyperelliptic curves which is a double 
cover of the conic bundle p : C — > S . Assume S is irreducible with generic point 
i] = Spec(fc(S')). Consider the following conditions: 
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(i) There exists a g\ on T . 

(ii) The hyperelliptic curve T ri admits a g\ defined over k(S). 

(iii) The conic C v is isomorphic to ^(s) • 

(iv) p : C — > S is the projectivization of a rank two vector bundle on S. 

Then the following implications hold true: (i) =>■ (ii) (iii) <= (iv). Moreover, if 
S is smooth over k, then the above conditions are all equivalent. 

Proof. The implications (i) (ii) and (iii) <= (iv) are clear. Let us prove the 
equivalence (ii) <S=> (iii). Call h the map from T v to C n . Now, if C v = PjLg) then 
h*(O r i (1)) provides the required g\ on T n . Conversely, if the g\ of T n is defined 

fc(S) 

over k(S) then V := ^^(g^) — H°(g\) is a vector space over k(S) of dimension 2 
and, by construction, C v = P(V) = PLg) ■ 

Assume now that S is smooth over k. Let us prove the implication (i) •£= (ii). 
The hypothesis implies that there is an open subset U C S such that 7r _1 (?7) — > [/ 
admits a g^- Since 5 and 7r are smooth (and hence also JF), we can extend the 
above line bundle to a line bundle, call it L, on T (simply take the closure of the 
Cartier = Weyl divisor associated to it). The line bundle L has vertical degree 2 
everywhere since the vertical degree is locally constant and S is irreducible, and 
moreover h (JF S , L\jr s ) > 2 for every geometric point s of S, by semicontinuity of 
h . This implies that L is the required g\ on T . 

Let us finally prove the implication (iii) =>■ (iv) assuming that S is smooth. The 
hypothesis implies that there exists an open subset U C S such that p _1 (J7) — > U 
admits a line bundle of vertical degree one. As before, using that C is smooth (since 
p and S are smooth), we can extend this line bundle to a line bundle, call it M, 
on C that will have vertical degree one. Since the geometric fibers of p are P , we 
have that p*(M) is a locally free sheaf of rank 2. The natural map p*(p*(M)) — > 
M is surjective since its restriction to every geometric fiber is surjective. Hence 
it determines an S-map $ : C — * P(p*(M)) that, being an isomorphism on the 
geometric fibers, is an isomorphism. □ 

Proposition 4.11. If g is odd, then there does not exist a global g\ for any tau- 
tological family over a non-empty open subset in H g . If g is even, then a global 
g\ exists for any family of genus g hyperelliptic curves over an irreducible smooth 
k-scheme. 



Proof. If g is odd then, from the proof of Proposition 14. 7\ we known that the 
universal conic bundle C g — » is not Zariski locally trivial and therefore we 
conclude by the implication (i) => (iii) of the above Lemma 14.101 

If g is even and J- — > S is a family of hyperelliptic curves realized as a double 
cover of the conic bundle C — > S, then Theorem I3.1f i) gives that C — > S is the 
projectivization of a rank two vector bundle on S. If, moreover, S is irreducible 
and smooth over k, then there exists a global g\ on T by the implication (iv) => 
(i) of the above Lemma T4. 101 □ 
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